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Asymptotically conical Ricci flat Kahler metrics on C 2 with cone 
singularities along a complex curve 

Martin de Borbon 


1 Introduction 

We work on C 2 with standard complex coordinates z, w. Let P = P(z, w ) be a degree d (> 2) polynomial 
such that (7 = {P = 0}isa smooth complex curve. In this paper we restrict to the case in which C 
has d different asymptotic lines, i.e. the zero locus of the homogeneous degree d part of P consist of d 
distinct lines L i,..., L&. 

We fix a number fd such that 

—j— < /^ < 1 ( 1 . 1 ) 

It is well known that under this condition 11.11 there exist a (unique up to scaling) compatible metric 
g on CP 1 with constant positive gaussian curvature and cone angle j3 at the points corresponding to the 
lines L i,..., Ld . If we normalize g to have curvature 1 what we mean is that around each singular point 
we can find polar coordinates (p, 6) in which g = dp 2 + /3 2 sin 2 (p)d9 2 and g is locally isometric to the 
round sphere of radius 1 otherwise. (See Troyanov [Tl]. Luo-Tian[TU]L 

There is a standard construction, known as ’the Calabi Ansatz’ (see e.g. LeBrun[9] page 11), which 
produces a Ricci Flat Kahler cone metric out of a Kahler-Einstein metric with positive scalar curvature. 
In Section [2] we adapt this construction to the metric g to get a flat Kahler metric gF on C 2 \ L, where 
L = UThis metric is singular along L. More precisely, around each point 0 ^ p £ L we can find 
holomorphic coordinates (z\,Z 2 ) centered at p in which gp = \zi\ 2 ^~ 2 \dzi\ 2 + \dz 2 \ 2 ■ The property of gp 
that we shall exploit the most is the one of being a metric cone, with its apex at 0. 

We denote by T> the set of all diffeomorphisms F of C 2 for which there exist a compact K such that 
F(C\ K) C L and are asymptotic to the identity in the following sense: there exist constants Aj such 
that \F(x) — x\ < A 0 , \DF(x) — Id\ < Ai|a;| _1 and \D a F(x)\ < Aj\x\~i for all x £ C 2 and j = |a| > 2. 
It is elementary to prove that V is not empty, see 13.11 

Finally let us denote by r the intrinsic distance in gp to 0 and let 12 = (l/yf2)dz A dw. We are now 
ready to state our main result. 

Theorem 1 There exist a Kahler metric gpF on C 2 \C and H £ T> such that 

uj 2 rf = \P\ 2f3 ~ 2 n AH ( 1 . 2 ) 

where ujrf is the associated Kahler form, and 


\{H- l Yg RF -g F \ gF < Ar^ (1.3) 

outside a compact set, for some constants A > 0 and 7 < 0. 

It follows from the proof of Theorem [1] that gnF has cone singularities in the sense of DonaldsonJS], 
this notion will be recalled in Subsection ITU . But let us say for now that gpF is smooth on C 2 \ C and 
that around each point p £ C we can find holomorphic coordinates (z \, Z 2 ) centered at p and a number 
A > 0 such that A ~ x g(p) < Prf < Awhere g^ = gi| 2/3_2 |(izi| 2 + \dz 2 \ 2 - In the case that d = 2 we 
can assume that C = {zw = 1}, the metrics of Theorem [I] have S 1 symmetry and were constructed in 
Section 5 of [5] by means of the Gibbons-Hawking ansatz. 
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Let us now provide some context for Theorem [T] following the lines of Section 5 and 6 of [5j. Let X 
be a closed complex surface and C e C I be smooth complex curves for e > 0. Let 0 < /3 < 1 be fixed 
and assume that we have Kahler metrics ui e with cone angle 2ir(3 along C e and Ric(w e ) = w e , say, on the 
complement of the curve. Let p £ X and suppose that the curves C e converge to a curve Cq singular 
at p. If the singularity is modeled on {Pd = 0} (with Pd a homogeneous degree d > 2 polynomial) we 
would expect that (under favorable conditions) after re-scaling ui e around small balls centered at p we 
will get a metric g^F of the kind given by our Theorem [0 For a more specific example see Section [G] 

We will now outline the strategy we follow to prove Theorem [T] 

In Section [3] we construct H £ V and a reference metric u re f which has cone angle fd along C and 
is asymptotic to uif in the sense of 11.31 In Subsection 13.31 we prove, following Appendix A in Jeffres- 
Mazzeo-Rubinstein [7], that u> re f has bisectional curvature bounded by above. Later on this will be 
crucial. 

We start Section [¥] by reviewing some material from [5], Here we say what we mean by a metric with 
a cone singularity and state the interior Schauder estimates (Proposition 0, which are of fundamental 
importance in our analysis. Having the interior estimates at hand, in subsections 14.21 and 14.31 we develop 
a theory of ’weighted Holder spaces’. Our main references in doing this are PacardjTT] and BartnikpQ, 
see also Chapter 8 in m- The main result of Section 0] is Proposition [5] This parallels known results in 
the case of asymptotically conical smooth metrics as stated in Conlon-Heinjl] (Theorem 2.11). 

In subsection 14.41 as an application of Proposition O we show the existence of a metric ojq asymptotic 
to wf such that 

= e -/|p| 2 /s- 2 nA fi (1.4) 

with / a smooth function of compact support. What will be important for us, apart from the fast decay 
of /, is that 11.41 implies that wo has bounded Ricci curvature (in fact the bound Ric(wo) > —Bui o for 
some B > 0 is the bound that will be relevant to us). 

To prove the theorem it is enough to show that there exist u £ Cg’ a (our notation for the weighted 
Holder spaces) such that 


(wo + iddu) 2 = Uq 

for then uirf = wo + iddu will be our solution (the positivity of uirf follows from the equation, the decay 
of ddu and the conectedness of C 2 \ C). In order to do this we use the continuity method and consider 
the set 

T = {t € [0,1] : 3 u t £ Cg’ a solving ( wo + iddu t ) 2 = e^Wg} (1.5) 

We want to prove that 1 £ T. Proposition [5] implies that T is open and 0 £ T trivially (ito = 0). The 
closedness of T follows from the a priori estimate ||ut|| 2 ,a,a < C for some constant C > 0. This is the 
content of Proposition[7](the main point being that C is independent of t £ T). We prove this proposition 
into several steps. First we estimate the C° norm of u, to do this we use the Sobolev inequality (for the 
metric wo) and then we run a Moser iteration following Chapter 8 of Joyce[Hj. To estimate the C 2 norm 
of u we use the maximum principle and the Chern-Lu inequality (in a slightly different way than in □ )■ 
Here it is crucial that we have an upper bound on the bisectional curvature of ui re f and a lower bound 
on the Ricci curvature of w* = uiq + iddut in the form of Ric(cut) > —Aui re f. For some A > 0. This 
bound holds for ujq by 11.41 and it holds for u> t since along the continuity path 11.51 

Ric(wt) = (1 — t)Ric(wo) (1.6) 

The C 2 estimate gives us the unform bound C~ 1 co < uit < Cut. Then we can apply the interior C 2,a 
estimate given by Theorem 1.7 of Chen-Wang 0 . 

Finally we proceed to the weighted estimates. We start by proving a bound on ||it*||o,/i f° r some 
S < pL < 0. The technique is again Moser iteration, we follow [§;. Finally the bound on ||ut|| 2 ,a ,<5 follows 
from the linear theory developed. 

Acknowledgments I wish to thank my supervisor Simon Donaldson for suggesting the problem and 
his patience. The research was supported by the European Research Council. 
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2 Flat metrics. 


We use the notation from above. Let Lk = {Ik = 0} with Ik linear functions of z,w for k = 1,... ,d. So 
that L = U k=\Lk = {Pd, = h ■ ■ - Id = 0} where Pd is the homogeneous degree d part of P. The main 
result of this section is the following 

Proposition 1 There exists a Kahler metric gF on (C 2 \ L with Kahler form lof such that 


uj 2 F = \Pd\ 2 ^- 2 nAQ ( 2 . 1 ) 

The metric is a cone with apex at 0, is invariant under the S l action e lt (z,w) = ( e lt z,e lt w ) and 

luf = 7}ddr 2 ( 2 . 2 ) 

where r is the intrinsic distance to 0. 

As we said this result is a consequence of the fact that under the condition ll.ll there exist a compatible 
metric g on CP 1 with constant positive gaussian curvature and cone angle /3 at the points corresponding 
to the lines L. It will turn out at the end that g is a Kahler quotient of gF by the S ' 1 action. 

Let us point that (d — 2)/d < (3 is a necessary condition for the existence of such a metric g. In fact, 
Gauss-Bonnet tells us that 


2 + d/3 - d = [ K g dV g (2.3) 

2tt Jcp 1 

Finally we point out some other properties of the metrics given by Proposition |T] that follow from the 
proof of it 

• For every p (£ L we can find holomorphic coordinates ( 21 , Z 2 ) around p such that the metric is given 
by \dz\\ 2 + |<i^ 2 1 2 ■ Because of this we refer to these metrics as ’Flat metrics’. 

• For every 0 p G L we can find holomorphic coordinates ( 21 , 22 ) on a neighborhood U around p 
such that !7nL= {21 = 0} and the metric is given by \zi\ 2 ^~ 2 \dzi\ 2 + \dz 2 \ 2 ■ 

• Let A > 0 and denote m\(z,w) = ( Xz,Xw ). The neighborhoods in the previous two items can be 
taken to be invariant under m\ and r 2 o ni\ = A°r 2 for all A > 0, where c = 2 + d/3 — d. Note that 
D means that 0 < c < 2 . 

2.1 Hopf bundle and singular metrics on the 3-sphere 

In this section we construct metrics on the 3-sphere with cone singularities of angle 2ir/3 along the Hopf 
circles corresponding to L. Let us start by describing a local model for the singularities. 

Denote by 3 ( 0 ) the singular metric on C 2 given by = | 2 i| 2 / 3 _ 2 |d 2 i | 2 + \dz 2 \ 2 ■ We want to 
write g(p) as a metric cone, in order to do that we first set 21 = (/3ri) 1 /,/ 3 e iSl and z 2 = so that 

3 ( 0 ) = dr 2 + f3 2 r1dd 2 + dr 2 + rld9 2 . Finally define r G (0,oo) and p G ( 0 , 7 r/ 2 ) by n = rsinp, r 2 = rcosp 
to get 3 ( 0 ) = dr 2 + r 2 g^ p) , where 

3 ( 0 ) = dp 2 + (3 2 sin 2 {p)d8\ + cos 2 (p)d #2 (2.4) 

. We think of as a metric on the 3-sphere with a cone singularity of angle 2tt/3 transverse to the 
circle given by the intersection of {21 = 0} with the unit sphere in C 2 . We refer to this space as Sp. 

Let S 3 = {1 2 :| 2 -f-1m| 2 = 1} C C 2 and H : S 3 -A CP 1 be the Hopf bundle. Denote by 3 the compatible 
metric on CP 1 with constant curvature K g = 4 and cone angle f3 at the points corresponding to L. 

Lemma 1 There exist an S 1 invariant metric g on S 3 \ L such that 

. H : (S 3 \L,g) (CP 1 \ L, g) is a riemannian submersion. 

• 3 is locally isometric to the round 3-sphere of radius 1 
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• each p £ L has a neighborhood which maps isometrically to a neighborhood of a singular point in 

n 

Proof: 

We begin by writing g in coordinates. W.l.o.g. we can assume that Lj = {z = ajUi} with aj £ C for 
j = 1,..., d — 1 and Ld = {w = 0}. Write £ = z/w, then g = e 2< ^|d£| 2 with </> a function of £. 

Consider the function 


d-1 


u = <fi — {f3 — 1) 5Z log 1^ — I 

3 =1 

The point of defining u in this way is that around each a :] there exist holomorphic coordinates with 


77 (dj) = 0 in which 


H 2/3 


-2 


» = ^ (1 + 1,1^ Mil 2 

, so that </> = log/3 + (0 — 1) log 1 77 1 — log(l + \p\ 2 ^)- It is easy to check from here that u is a continuous 
function on C and that 

lim |£ - a jl ^7 = 0 

for j = 1,... ,d— 1 . 

On C \ {ai,..., ad- 1 } define the real 1-form 


«o = ~{du — 
c 


where c = 2 + d/3 — d. Then it follows that 


lim 

£->0 


Ce { aj ) 


a 0 = 0 


(2.5) 


( 2 . 6 ) 


where C e (aj) = {|£ — aj\ = e} for j = 1 ,..., d — 1 . 
On the other hand 


2 i 


1 


so that 1231 gives 


da 0 =- ddu = -KgdVg 


— / dan = 1 


27r, 


(2.7) 


( 2 . 8 ) 


On the trivial S' 1 -bundle C \ {ai,..., Od_ 1 } x S ' 1 with coordinates (£, e i4 ) consider the connection 
a = dt + ao and the metric 


9 = g+-£U 


(2.9) 


Let p = (£o,e* to ) £ C \ {ai,..., dd_i} x S 1 , we want to prove that g is isometric to 5' 3 (1) in a 
neighborhood of p. We can find polar coordinates (p, 9) around £0 in which 

j 2 , sin 2 ( 2 p) jo2 
g — dp -\- --- du 


In this coordinates da 0 = (1 /c)K g d,V g = (2/c) sm(2p)dpd6. Doing a change of gauge if necessary 
we can assume ao = (2/c) sin 2 (p)d9. In this coordinates (c/2)a = (c/2)dt + sm 2 (p)d6. If we assume 
to £ (— 7 r, 7r) ,say, and define t = (c/2)t we finally get 

g = dp 2 + d6 2 + (dt + sin 2 (p)d9) 2 
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which can be recognized as S 3 (l). 
We use the map 





£ 


v/i+KT 


,e i \w = 


v/iW 



to think of g as a metric on S 3 \ L. The S 1 invariance and the first item of the lemma are clear from 
the definition 12.91 of ~g. We already checked the second item so let’s prove the last one. 

Assume first that p £ Lj for some 1 < j < d — 1. Write p = ( aj , e lt °). We can find polar coordinates 
(p, 9) around aj in which 


g = dp 2 + p 2 
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In this coordinates dao = (1 /c)K g dV g = (2/c)/3sm(2p)dpd9. It follows from 12.61 that we can perform 
a change of gauge so that a 0 = (2/c)/3 sin 2 (p)d9. In this coordinates (c/2)a = (c/2)dt + P sin 2 (p)dO. If 
we assume to £ (—7r,7r) ,say, and define t = {c/2)t we have that 


g = dp 2 + p 2 ' ^ ^ dO 2 + (dt + P sin 2 (p)d9) 2 

Write 02 =t,9\ = 9+p~ x t to get ~g = dp 2 +p 2 sin 2 (p)dO\-\- cos 2 {p)d6 2 , which matches with the expression 
m of the metric in So. 

Finally consider the case of p £ Lj = {u; = 0}. In the coordinates 


in, e l 


-M z = 


V 1 + \v\ 


-.e , w = 


v/i+i 


we have p = (0, e lSo ). These coordinates are related to (£, e 1 *) via p = l/£ and e ls = (£/|£|)e zt . So that 
a = dt + a 0 = ds + po with p 0 = d( arg p) + a 0 . Now lim e _j. 0 , ao = — limjv^oo a 0 . It follows 

from and Stokes’ theorem that limjv-Kx> J^| =Ar a ° = ^ 7r - As a resu ^ linp^o f\r,\= e Po = 0- From 

here we can proceed as before, finding polar coordinates in which g = dp 2 + P 2 sm ^ 2p ^ dO 2 and changing 
gauge so that Po = (2 / c) P sin 2 (p)dO. 

□ 


Remark 1 The proof above gives us that the fibers of H have constant length nc. Since Vol(g) = (tt/2 )c 
we have Vol(g) = ( ir 2 /2)c 2 . 

In a coordinate free way we can say that the metric of Lemma [T| is given by 12.91 Where a is the 
connection on the Hopf bundle with da = c~ 1 H*(K g dV g ) which satisfies the following gauge fixing 
condition: 

• If p £ CP 1 is a point in L and y e is a loop that shrinks to p as e —> 0, then the holonomy of a along 
7 e goes to the identity as e —> 0 . 


2.2 Proof of Proposition Q] 

On M >0 xC \ {ai,..., ad- 1 } x S 1 with coordinates (r, £, e lt ) define 


9f = dr 2 + r 2 g 

Write £ — x + iy. Consider the almost-complex structure given by 


d d d 2d 

dx dy ’ dr cr dt 


where 


8 

d 1 

( d \ 

1 ° 

d 

8 1 

( d \ 

1 8 

dx 

" dx a ' 

\dx) 

1 dt ’ 

dy 

- dy “' 

\dy) 

* dt 


are the horizontal lifts of d/dx and d/dy. Finally set ujf = gF{I •)■ 


( 2 . 10 ) 
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Claim 1 (M>o x C \ {ai,..., a,d-i\ x S' 1 , gF, I) is a Kahler manifold. I.e. du)F=OandI is integrable. 
Moreover, 


ujf = ^ ddr 2 


( 2 . 11 ) 


Proof: 

We compute in the coframe {dx, dy, dr, a} where 

u>f = r 2 e 2<l> dx A dy + ~^dr A a 

so that dojF = 2 re 2cl> drdxdy — (cr/2)(4/c)e 2<l> drdxdy = 0. The integrability of / amounts to check that 

d . d d .2d 
dx * dy ’ dr * cr dt 

Finally dld(r 2 ) = d(2rldr) = — cd(r 2 a ) = —2 crdr A a — 4r 2 e 2 ^dx A dy. Using that 2 idd = — did we 
deduce 12.111 

□ 

Claim 2 The functions w = (c/2 ) 1 / c r 2 / c e “/ c e lt an d z = £ w gi ve a biholomorphism between M>o xC\ 
{ai,..., ad- 1 } x S 1 with the complex structure I and C 2 \ L. Under this map 

oj 2 F = \P d \ 2fi - 2 nAn ( 2 . 12 ) 


Proof: 

It is easy to see that the pair (z, w ) defines a diffeomorphism between the corresponding spaces. The 
Cauchy-Riemann equations for a function h to be holomorphic with respect to I are given by 


dh .2 dh dh .dh _ / d . d \ dh 

9r * cr dt ’ dx+^dy a \ dx * dy ) dt 

if we ask h to have weight 1 with respect to the circle action then 


dh 

dr 



cr 




h = 


1 du h 
C dt; 


From here we see that see that z and w are holomorphic. 

One can check that uip = a' 3 e 2 ^dxdydrdt and f2 A f2 = (4/c)\w\ i r~ 1 dxdydrdt, so that 

Up = (c 2 /4)|ru| _ 4 r 4 e 2 ,!, f2 A 12 


Now we use that r 4 = {4/c 2 )\w\ 2c e 2u , (f> — u = (/3 — 1) X^j=i l°g \( z / w ) ~ a j I and 2c — 4 = 2d/3 — 2d = 
2/3 — 2 + (d — 1) (2/3 — 2) to conclude that 


.2 „ -\ 2 e-\..\ z -a d -iw\ 2 P- 2 \w\ 2 e- 2 nAT} 


oj f = \z ~ a\w\ 


which is 12.121 


From the formula for the function w in the previous claim we get 


r 2 = -\w\ c e~ u 


. We recall that 


d -1 


= <£-(/?—1 )^log|£-aj| , g = e 2<t> \d^\ 2 

3=1 


□ 

(2.13) 

(2.14) 
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. Where (f> a function of £ = z/w. We are writing the lines as Lj = {z = ajw} with aj G C for 
j = 1 ,..., d — 1 and Ld = {w = 0 }. 

12.1 HI together with 12.141 give a recipe to go from the metric jj? in C 2 in Proposition Q] to the corre¬ 
sponding g on CP 1 and vice versa. 

Finally we introduce some notation that will be useful later. We denote 

n = e't’rdZ, T 2 =dr + i—a (2-15) 

. Then {ti,T 2 } is (up to a factor of y/2) an orthonormal basis for the (1,0) forms in C 2 \ L. I.e uif = 
(i/2)riTi + (i/ 2 )T 2 T 2 . Let us denote points in the 3-sphere by 6 and for A > 0 define D\{r, 9) = (Ar, 6 ). In 
complex coordinates we have D\ = m X 2 / c , i.e D\(z,w) = (A 2 ^ c z, A 2 ^ c w). From 12.151 we have D* x t\ = \t\ 
and D x T 2 = At 2 . The forms ti,T 2 are not holomorphic. 

2.3 Examples and remarks 

We begin by giving some examples with which we test the equations 12.13112.141 
When d = 2, for any 0 < /3 < 1 we know that 

9 13 (1 + |£|2/3)2l d £l 

from 12 . Til we get r 2 = /3 _ 2 (|z | 2/3 + \w\ 2 ^) so that gF = \z\ 2 ^~ 2 \dz \ 2 + \w\ 2 ^~ 2 \dw\ 2 . We refer to this space 
as C /3 x C/ 3 . 

Next we claim that when d = 3 and /3 = 1/2 the metric gF is a quotient of the euclidean metric. We 
take our lines to be L\ = {z = 0}, L 2 = {z = w} and L 3 = {w = 0}. Let £>4 C SU{2) be the subgroup 
generated by (x,y) —> (ix,—iy) and ( x,y ) —> (— y-,x). The polynomials z = ( x 2 +y 2 ) 2 , w = ( x 2 — y 2 ) 2 
and t = 2 (x 5 y — y 5 x ) are invariant under the action and give the complex isomorphism 

C 2 /D 4 — {zw(z — w) = t 2 } 

Let G C XJ{ 2) be the subgroup generated by D 4 and (x,y) —>■ (y,x). Then P 4 C G is normal and 
K = G/D 4 = Z 2 acts on C 2 /D 4 as (. z,w,t ) —> ( z,w,—t ). The functions z,w give an isomorphism of 
complex manifolds C 2 /G = C 2 . We can push forward the euclidean metric ui euc = (i/2)dd(\x \ 2 + \y \ 2 ) 
to obtain a flat Kahler metric with cone angle /? = 1/2 along L. 

From the formulas for z,w we have that \z\ + |w| = 2|rc | 4 + 2|y | 4 and \z — w\ = 4|a;| 2 |y | 2 so that 
2(|x | 2 + |y | 2 ) 2 = |^| + \w\ + \z — w\. From here we get that 

r 2 = a(\z\ + \w\+ \z — u >\) 132 (2-16) 

where a = 8y/2 is determined by the normalization condition 12.11 We can now use the equations 12.131 
12. 141 to get 


9 8^ie-i| + iei 2 ie-i| + ic]ic-i| 2Me|2 

Indeed, the map $ : C 2 —> C 2 given by c C > (x, y ) = ((x 2 + y 2 ) 2 , (x 2 — y 2 ) 2 ) maps lines to lines and induces 
F : CP 1 — > CP 1 given by 

(77 2 + l ) 2 

£ = ^ = §2^2 ( 2 -17) 

. Then one can check that F*g = (1 + M 2 )~ 2 |df?| 2 (the smooth metric with constant curvature 4). 
The map F has degree 4 and has six critical points at 0,±l,±i,oo and it maps the spherical triangle 
T = {I 77 I <1, 0 < arg( 77 ) < tt/ 2} to the upper half plane H = {Irn(^) > 0}. Then we recognize g as the 
metric obtained by gluing two copies of T along the boundary. 

The fact is that when d = 3 and 1/3 < /3 < 1 the metric g is given by gluing two copies of the 
spherical equilateral triangle T with interior angles equal to (3ir. If G is a conformal equivalence between 
H and T then g will be the pull back by G of the smooth constant curvature metric on T, extended to 
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C by requiring the conjugation map to be an isometry. The construction of such a map G is related to 
the study of the hypergeometric equation. See Chapter 15 in[B|. 

Finally let us mention a different approach to Proposition [Tj corresponding to the one in page 11 of 
LeBrun [9]- We think of C 2 as the total space of C?cpi(—1) with the zero section collapsed at 0. The 
bundle projection is given by II : C 2 \ {0} —» CP 1 , IL(z,w) = [z : w\. We can then identify (smooth) 
hermitian metrics on O cp i(— 1) with (smooth) functions h : C 2 —> R>o such that h(Xp) = \X\ 2 h(p) for 
all A G C , p £ C 2 and h(p) = 0 only when p = 0. 

The first basic fact we need is that an area form w in CP 1 induces an hermitian metric h^. We use 
coordinates f = z/w , g = w/z on CP 1 . Write w = e 2< ^(i/2)dfdf with (f> = (/>(£) on U = II({'u; ^ 0}) and 
w = e 2 ^{i/2)dgdrj with if = if(g) on V = II({z ^ 0}). Then h u is given by 

hoj = |tc| 2 e - ^, ifw ^ 0 ; = |z| 2 e - ^, ifz ^ 0 (2-18) 

The second basic fact is that an hermitian metric h gives a 2-form uih on CP 1 by means of 

tOh = iddlogh(^, 1) on U, and u>h = iddlog h(l, rf) on V (2-19) 

We also mention that h induces hermitian metrics on the other complex line bundles over CP 1 . If 
we regard Pd as a section of O cp i (d), then we have |Pd | 2 = /i(£, l) -d |£ — ai | 2 ... |£ — ad- 1| 2 on U and a 
corresponding expression on V. 

One can then rephrase then the existence of g by saying that there exist an hermitian metric h , 
continuous on C 2 and smooth outside L such that 

h = \P d \£~ 1 h Uh (2.20) 

Where by \Pd\h we mean \Pd\h ° n. (In fact we can be more precise and instead of saying that h is 
continuous we can give a local model for h around points of L.) 

From 12.201 one gets that uih has constant gaussian curvature equal to c = 2 + dfd — d outside L and 
one can also argue that ( 2 tt )~ 1 f cpl u>h = 1 . 

The potential for ujf is then given by r 2 = ah c / 2 for some constant a > 0 determined bv l2.ll 


3 Reference Metrics 

The main result of this section is the following 

Proposition 2 There exist H £ T> and Kahler metrics ui, co re f on C 2 with cone singularities of angle /3 
along C such that 

. \{H-')*u-u F \ gF =0{r- 2 / c ) 

• Bisec(u} re f) < B 

• Q~ 1 iO re f < OJ < Qui re f 

for some positive constants Q,B. 

We give the definition of a metric having cone singularities in 14.11 The statement about the singu¬ 
larities will follow from the fact around points of C one can write the metrics as (smth) +idd(F\zi\ 2/3 ) 
with (smth) a smooth (1, 1 ) form and F a smooth positive function. (See Lemma ITOl 1. 

The metric ui is isometric to the flat metric up in a neighborhood of C at infinity. In the notation of 
the next subsection this neighborhood is Us/ 2 , 2 R- 




3.1 A diffeomorphism 

As before, let C = {P = 0} , the homogeneous degree d part of P being given by l = h ■ • ■ Id- We write 
lj = z — a,jW, for j = 1,..., d — 1 and Id = w. W.l.o.g. let us assume that dj ^ 0 for all j = 1,..., d — 1. 
First look at the piece of C which is asymptotic to Ld = {w = 0}. 

Lemma 2 There exist R, S > 0 and $ = <f>(z) : {|z| > i?} —> C bounded holomorphic, which depend only 
on P such that 

c n Ud,s,R = {(z, $(z))} 

where U d ,s,R = {M < 5\z\, \z\ > R}. 

Proof: 

Let Sj for j = 1, ...,d— 1 be orthogonal linear transformations taking Ld to Lj, write Uj-s,R = 
Sj(Ud-,s,R) and Us,r = U d -ffJj.,s,R. Taking d small enough we can assume that the sets Uj,s,R are 
pairwise disjoint. Write 


P = Pd + Q (3.1) 

with Q a polynomial of degree d— 1. On the complement of Us.r we have that |Ld(^)| > C\_\x\ d for some 
Ci > 0. Since deg(Q) =d-lwe can find C 2 > 0 such that |Q(a:)| < C 2 \x\ d ~ 1 . It follows that for R big 
enough 

CO{|z| > R} C U s ,r (3.2) 

For each z with |z| > R we write 

P(z,w ) = P z {w) = a(w - hi(z ))... ( w - h d (z)) (3.3) 

With a = (—l) d_ 1 ai... a^-i 7 ^ 0 and hj : {|z| > R} —» C holomorphic. 

It follows from 13.21 that for each j, {(z,hj(z))} C Ui t s,R for some i = i(j). In particular this implies 
that there exist a constant A > 0 such that 


\hj{z)\ < A\z\ 


(3.4) 


for j = 1,..., d. 

We want to show that we can label the functions hj in a way such that i(j) = j. First we note that 
if *(jo) = d then hj 0 is bounded. Indeed \R .. .ld-\{x)\ > c|x | d_1 for some c > 0 and all x £ Ud,s,R, so 
that \hj 0 (z)| = \Q\/\h ■ ..Id- 1 | < C 2 /c. 

It follows from 13.31 that the coefficient in front of w in the polynomial P z [w) is given by 

d 

(3-5) 

1=1 

.On the other hand I3TT1 and Pd = w(z — aiw )... (z — ad-iw), imply that 13.51 is a polynomial of degree 
d — 1 in z (with leading term z d_1 ) . If we had i(jo) = *(ji) = d for some jo ^ j 1 then hj 0 and hj 1 
would be bounded. This together with the bound [3~T1 would imply that the absolute value of 13.51 would 
be bounded by a constant times |z| d-2 , contradicting 13.51 being a degree d — 1 polynomial. 

Changing coordinates we can argue the same way for the other asymptotic lines. We conclude that 
the map j — > i(j) is injective and we can perform the desired labeling. The lemma follows by setting 

$ = h d - 

In fact hj{z) = (1 /aj)z + <j)j{z) with cj)j bounded for j = 1, ... d — 1 so that 13.31 gives 

P(z, w) = (h +(f>i)... (l d -1 + 4> d -i)(w - $) (3.6) 

□ 

Lemma 3 Let S > 0 be small enough and R > 0 big enough, then there exists a diffeomorphism H £ T> 
such that H is holomorphic in Us/ 2 ,ir an d H is the identity outside Us,r. 
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Proof: Let \ = x(i) be a smooth cut-off function with %(f) = 1 for t < 1 and x(i) = 0 for t > 2. We 
start by defining H in the region asymptotic to Ld- Let 

K z , w) = x (fpj) ( X _ X)( R \ Z \) (3-7) 

It follows that ft = 1 on Ud, 5/2,2R, h = 0 outside Ud,s,R and |D Q ft(:r)| < C'| Q ,||a;|~l Q l for any multi-index 
a. We set 

Hd(z,w) = (z,w — ft<E>) (3.8) 

Since $ is a bounded holomorphic function of z and in the region Ud,s,R we have |z| > c| (z, w)| for some 
c > 0, we conclude that there exist constants Aj such that \H d (x) — x\ < A 0 , \DH d (x ) — Id\ < Ai\x\~ x 
and \D a Hd{x)\ < Aj\x\-i for all i£C 2 and j = \a\ > 2. 

We proceed similarly for the other asymptotic regions, and in an obvious notation we set 

H = H x o ... o H d (3.9) 

□ 

From now on we fix 6 , R > 0 and H . 

3.2 Construction of lo 

We start by deriving some consequences of 


r 2 o m\ = X c r 2 (3.10) 

for all A > 0 and c = 2 + d/3 — d. First of all we get that rn^ujF = A c u>f- Since lof is positive we can find 
a > 0 such that uj? > auj euc on the euclidean unit sphere, the scaling property then gives 

wf(p) > a\p\ c ~ 2 u} euc (3.11) 

.For every p £ C 2 . (|p| denotes the euclidean norm). 

On the other hand, from the continuity of r one gets 

&- 1 b| c <r 2 (p)<&|p| c (3.12) 

for some b > 0 . 

Differentiating equation 13.101 on C 2 \ L we get that D a r o m\ = X c_ l“IZ3 Q r for any multi-index a. 
For e > 0 denote U e = t/ £i 0 ; with the notation as in the previous subsection. From the smoothness of r 
on the complement of L it follows that 


\D a r 2 {p)\ < A\p\ c -W 

on C 2 \ U e , where the constant A depends on e and \a\. 

It follows from 13.131 and 13.111 that in the complement of U e there exist a e > 0 such that 

a e \p\ c ~ 2 uj e uc < u>f(p) < a~ 1 \p\ c ~ 2 uj euc 

Let us denote by I the complex structure of C 2 and let G be the inverse of H. 


Lemma 4 

\G*I — I\ gF = 0(r -2//c ) 


(3.13) 


(3.14) 


(3.15) 


Proof: 

First we note that |G*J — I\ geuc = 0(|p| _1 ) since it is given basically by dG. From [37121 we get 
OCIpI” 1 ) = 0(r _2 / c ). Secondly, there exist e > 0 such that G is holomorphic in t/ 2 e- (More precisely 
this is true outside a compact set). So G*I = I in L^e- 

Note that in a vector space with an inner product the norm of an endomorphism doesn’t change if 
we multiply the inner product by a positive constant. Hence |G*J — I\\ P \c- 2 g euc = G(|p| -1 ). Finallv l3.14l 
gives the lemma. 
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□ 


We move on and define 


77 = ^ 8 d(r 2 o H) 

Lemma 5 There exist a compact K such that 77 > 0 outside K. Moreover, 

\G*r] — wf| 9f = 0(r~ 2 t c ) 


(3.16) 


Proof: 

Denote H(z, w ) = {u,v), so that r 2 = r 2 {u,v). Write U = Us,fl and U' = Ug/ 2 , 2 R, the subsets 
introduced in the previous subsection. 

We remove compact sets whenever necessary. Note that G*r] = ujf in H(U r ), clearly we can pick e > 0 
such that U e C H{U'). In C 2 \H(U r ) we are then able to use the bounds 15.131 Set po = (uo,vo) = H(x 0 ) 
with xq = ( Zq,wq ) ^ U' we start by computing 77 ( 20 ) 


9 , 2 tt\ 9r 2 du dr 2 du dr 2 dv 

lfz^ r ° + + ~d^d^ + 


dr 2 dv 
dv dz 


d 2 

dzdz 


(r 2 o H) 


d 2 r 2 du du d 2 r 2 du du d 2 r 2 dv du d 2 r 2 dv du dr 2 d 2 u 

d 2 u d~z dz dudu dz dz ~ l ” dudv dz dz + dudv dz dz du dzdz 


+(•■•) 

where (...) consist of 15 terms that the reader can figure out. 

Note that the second term is equal to 

The first, third and fourth terms can be bounded by ^4|x| c ~ 2 |:r| -1 and the fifth by A|x| c-1 |a;|~ 2 for 
some constant A > 0. It is easy to see that the remaining 15 terms can be bounded by A|a;| c-2 | 2| -1 (the 
ones which contain second derivatives of r 2 ) or ^4.|rc| c—1 |cc| 2 (the ones which contain second derivatives 
of H). We conclude that we can bound all this terms by a constant times |a;| c ~ 3 . 

We argue similarly for the other derivatives in dd(r 2 o H) to conclude that 

G*rj(po) = uf ( po ) + 0(\x\ c ~ 3 )dzdz + 0(\x\ c ~ 3 )dzdw + 0(\x\ c ~ 3 )dwdz + 0(|:c| c_3 )d7(;tfuJ 

Note that dzdz = dudu + v where v is a 2-form with \v\ euc = 0(|p| _1 ). From ITTTTTI we get \dudu\ gF = 
0{\x\ 2 ~ c ). We argue equally for the other terms to conclude that 

\G*r] ~u) F \ gF (po) = CKboT 1 ) (3.17) 

13.121 then gives the result. 

□ 

Remark 2 As we already said, G*(rj) = ujf on a region Ug^R' for some 5',R! > 0. In the complement 
of this region one can extend \5.17\ to 

\V i (G*r 1 -u )F )\ gF (Po)=0(r-^- i ) (3.18) 

where V is the Levi-Civita connection of gp- 
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We continue with the construction of ui. Let h be a cut-off function with h = 1 on Bn (the euclidean 
ball of radius N, say) and h = 0 on B c f r+1 where N is large enough so that C D C U' and 77 > 0 
outside Bn ■ Consider 


u' = l -dd ( h\P \ 20 + (1 - h)(r 2 o H)) (3.19) 

Note that u/ = 77 > 0 on B^ +1 . On the other hand 

J = l -dd\P \ 20 = p 2 \P\ 2f5 ~ 2 ^dP A dP > 0 

on Bn- Finally consider the annulus Bn+ i \ Bn 

Claim 3 There exist a > 0 such that to' > — aui euc on Bn+i \ Bn- 

Proof: Indeed, for x £ C D (R/v+i \ Bn) we can find holomorphic coordinates ( 21 , 22 ) such that C = 
{z\ = 0} and r 2 o H = | 2 i | 2/3 4- |^ 2 1 2 • In this coordinates P = fz\ for some non-vanishing holomorphic 
/. Then we have 2u/ = idd (/i(|/| 2 / 3 |;ri| 2/3 ) + (1 — h)(\z\ | 2/3 + | 2 2 | 2 )) = (smooth) +iddu where u = 
| zi | 2/3 (h |/| 2/3 + 1 — h ). On a smaller neighborhood we can assume l /| 2/3 > e > 0 so that iddu = 
iudlogu A d\ogu + uiddlogu > uiddlogF where F = h\f \ 2/3 + 1 — h. Note that F is smooth and 
F > min{e, 1} to conclude the claim. □ 

Lemma 6 There exist a Kahler metric on C 2 with cone singularities of angle /3 along C such that ui = i] 
outside a compact set. 

Proof: Let % = \{t) be a smooth cut-off function with %(f) = 1 for t < 1 and y(t) = 0 for t > 2. For 
L > 0 and x € C 2 let xl{x) = x(L _1 |x|). Set <j> = log(l + | 2| 2 + |w| 2 ) and define 

WL = w' + iKdd(xL4>) (3.20) 

with I\ > 0 such that Kiddtft + to’ > 0 and L > N + 2. If L is big enough we can assume that on the 
annulus on B 2 l\Bl , w' = g. Recall that \r]\ euc > Ci|x | c_2 on the other hand, on B 2 l\Bl we can bound 
\dd(xL(t>)\euc < C 2 \x \~ 2 log |x| (with C - 2 independent of L). Taking L large we get that ujl is positive 
everywhere. Fix such a large L and define to = u>l- The statement about the cone singularities follows 
from Lemma ITTH 

□ 

For reference in the future we say something about the volume form of ui. Define a function / in C 2 
by means of the equation 

to 2 = e / |P| 2/3 ” 2 D AD (3.21) 

Lemma 7 Outside a compact set f is a smooth function with 

ID^f^lKA^x]- 1 -^ (3.22) 


Proof: 

Consider first the complement of Ug t R, where H is the identity and 77 = u>f- Compare 12 .II and 13.2II 
to obtain 


e f = ^ 12 - 2 / 3 ^ 2 / 3-2 



2-2/3 


in the complement of Us,r we have constants b\ a i such that 


\D a (Q/l)\{x) <b M \x\- l -W 
13.221 then follows from / = (2 — 2/3) log |1 + Q/l\. 

Secondly we consider the region Us/ 2 , 2 r 1 where H is holomorphic and 77 = H*ujf- We see that 
ef = | P/{1 o H) | 2_2/3 . We focus in U d ^/ 2 , 2 R an d use 13.61 to get P/(l off) = (l + ••■(! + f>d- 1(2)) 
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where ipj(z) are liolomorphic with | ipj(z)\ < 1 for some A > 0. Note that in U^s/i, 2 R we have 

\z\ > a| ( 2 ;, w)| for some a > 0. As before we get 13.221 

Finally consider the region Us,r \ Us/2,2R- By Lemma [5] we can write rj = H*ujp + £ where £ is 
a 2-form with |£| SF = O(|o;| _1 ). We conclude that 1/ 2 = (l + 0(|a;| -1 )) H*uj f and we can proceed as 
before. 

□ 


3.3 Upper bound on Bisec(u; r e/) 

We start by defining w re /. Fix 0 < 5 < c. Let h be a smooth function such that h(p) = \po H\ s outside 
a compact set K and v = iddh > 0 in all of C 2 . Note that outside K there is a > 0 such that 

a~ 1 \p\ s ~ 2 uj euc < v(p) < a\p\ 5 ~ 2 uj euc 


We define ui re f as 


U} re f = oj + Av (3.23) 

where A > 0 will be specified later on. From the definition it follows that 

Q -1 W < UJ re f < Qlo (3.24) 

for some Q > 0. 

The goal is to prove the following 

Lemma 8 

Bisec{uj re f ) < B 

Let us start by recalling the definition of bisectional curvature. Let w be a Kahler metric on an open 
subset U of C 2 . For x S U and v,w € TL°C 2 with |t;| w = \uu\u, = 1 we set 


Bisec^?;, w) = R(v,v,w,w) 

where R is the Riemann curvature tensor of w. Recall that if (zi, Z 2 ) are holomorphic coordinates around 
x in which w = "Yhi Qijidzidzj and v = v\d/dz\ + V 2 d/dz\, w = w\djdz\ + W 2 d/dz 2 then 


where 


2 

Bisecutv^i) = ^2 RfjklViVjWkWi 

i,j,k,l =1 


2 

R ijki = ~9fj,ki + ^2 9 St 9it,k9 S jJ 

s,t= 1 

(indexes after the comma indicate differentiation and (g lJ ) denotes the inverse transpose of the positive 
lrermitian matrix (), the index i being for the rows and j for the columns). 

In Appendix A of (7] it is shown that if p is a smooth Kahler form in the unit ball B 1 C C 2 , say, and 
F is a smooth positive function such that 

w = ?? + idd(F\ Zl \ 2/3 ) (3.25) 

is Kahler on B\ \ {z\ = 0}. Then there exist a number C such that Bisec(w) < C on B 1 / 2 \ { 2:1 = 0}, 
say. We choose A > 0 in 13.231 such that oj re f can be written in the form 13.251 around the points of the 
curve. Then |7] gives us an upper bound on Bisec(w re /) on compacts sets. In order to extend this bound 
to C 2 we use the ’asymptotically conical’ behavior of u> re f. 

At points x £ C where \l (^) = 0 the metric to in Lemma [S] can’t be written in the form 13.251 
(Compare with the one in Lemma |10l) . I haven’t been able to get an upper bound on Bisec(w) around 
such points. 
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To prove Lemma [5] it suffices to bound from above Bisec(wF + G*v) in a region Us 0 ,r 0 for some 
Sq,Ro > 0. Note that outside a compact set G*u = idd\p\ 5 . 

Let and B a neighborhood of q where there exist coordinates (£ 1 , £ 2 ) which map B to the 

unit ball in C 2 in which ujf = |£i| 2 / 3 ^ 2 id£id£i + id&d^- We might also assume that |g| > 2 and that B 
is contained in the euclidean ball of radius half the euclidean distance from q to 0 . 

Let m\ : B —> A B for A > 1 be the multiplication by A in C 2 . We simplify notation and write v for 
G*v. Then 


m\(wF + v) = A c (wf + A 5 c u) 

We will show that we have an upper bound for the bisectional curvature of uip + A ~ c m* > v on B 1 / 2 
which is independent of A > 1. By a covering argument this gives the desired bound on U$ 0 t R 0 and hence 
proves Lemma [8] 

Write S=)- Let Q > 0 be such that 

Q (6ij) < ij ) if Q(Sij)] \ v ij,k\ — ^'1 — L (3.26) 

on B 1 / 2 . 

Write w = dip) + ev with v a smooth Kahler form in the unit ball in C 2 , 0 < e < 1, 

^(/3) = |£i | 2/3 2 *d£id£i + id&d^ 

and 

2 

v = J2 u ij id & d £j 

i,j= 1 

The desired bound then follows from the following 

Lemma 9 There exist a constant C, independent of e such that Bisec(d) < C on Bi/ 2 . In fact C 
depends only on Q, where Q > 0 is such that on B i/ 2 Q~ 1 d euc < v < Qd euc and \u q fc |, \v^ k j\ < Q for 
any i,j,k,l. 

Proof: (This follows in the same lines as the one in Appendix A in (2) 

Write 

2 

w = |£ 1 | 2 / 3 _ 2 *d£ 1 d £ 1 + 'Tjidf.df, 

i,j =1 

So that, 

9ll = eI/ lT) i?12 = ez/ 12 922 = 1 + e ^22 

Let x = (xi,X 2 ) £ B 1/2 \ {£1 = 0}. Define new coordinates ( 2 : 1 , 22 ) around x via 


Ci = zi 

£2 = z 2 + ~{z! - aii ) 2 + b{zi - Xi)(z 2 - x 2 ) + ^(z 2 - x 2 ) 2 

where 

a = -{922( x ))~ 1 9i2,l( x )^ b = C = -(ff22(*)) _1 ff22,2(®) 

In this new coordinates we have 

id = \zi\ 2d ~ 2 idz\dzi + y gf-idzjdzj 


Claim 4 g--j k (x) = 0 when j ^ 0. 
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Indeed, write 2 = Adzi+ Bdz 2 , with A = a(zi — xi) + b(z 2 — x 2 ) and B = l + b(zi — xi) + c(z 2 — x 2 )- 
A straightforward computation gives 

012 = 012-® A 022^^; 022 = II”022 

from which we get 

= 012,1 fa) + 022( a: )«> 012,2 (s) = 012,2 fa) + ifefafa 022,2fa) = 022,2^) + 022fa) C 

Our choice of a, b, c implies that these three numbers are zero. The Kahler condition g,g k = g k j i implies 
that g 22 i(x) = 0 ! 22 ^) = 0 and the claim follows. 

We compute the bisectional curvature of w at x using the coordinates ( 21 , 22 )- Let v = V\d/dz\ + 
v 2 d/dz\ and w = W\d/dz\ + W 2 d/dz 2 € T^°C 2 with \v\ u = |ie| w = 1. Note that this implies that 
M,|«h| < C | 2 1 | 1_/3 and \v 2 \,\w 2 \ < C. Write w = Yn,j=i9i-jidzidz] . So that g-j = g-j when (i,j) ^ 
(1,1) and g lk = \zi \ 2 ^~ 2 + gn- Write Bisec w (u, w) = Ti + T 2 , where 

T i = ~ 9i-j, k -i{x) v iVj w k wi 


T 2 = 9 st {x)g i t,k{x)g s -j- l {x)viV j w k wi 


Claim 5 

T\ < C — {f3 — l) 2 |z 1 | 2/3-4 |u 1 | 2 |u> 1 ] 2 
In fact g x j lk = (f3 — l) 2 | 2 i| 2/3_4 + g x j pp and we have 

0lT = 0ll + ^021 + ^012 + l^| 2 022 

from here we compute 

0iT,ilfa) = 0iT,ufa) + a 02T,lfa) +ag 1%1 (x) + \a\ 2 g 22 

Since the differential at x of the change of coordinates between (£i, £ 2 ) and ( 21 , Z 2 ) is the identity, we 
have that 

= = mk (x) = Sfa 

From this fact, and |a| = | — ( 022 ( ;r )) _ 1 0 i 2 lC^)! — 1012 ifa)| we get that \g^j n(A)| < C- Similarly, when 
(i,j, k, l) ^ (1, 1 , 1, 1 ) we have \g ^ tkl {x)\ = \ 9 ij tk ~i( x )\ < fa and the claim follows. 

Claim 6 

T 2 <C+(p-l) 2 \z 1 \ 2 e- i \v 1 \ 2 \w 1 \ 2 

Define a non-negative bilinear hermitian form on tensors a = [o^] satisfying a,g k = a k j i by 

< [ a ijk\d b pqr] >='529 qJ (x)(w i a i -j k V k )(w p b p qr)v r ) 

Then 

t 2 = \\d + e\\ 2 

with Dij k = gfj k and Eij k = (/?— 1 )| 2 i| 2 / 3 _ 4 zT if ( ijk ) = (111) and Eij k = 0 otherwise. We first estimate 

||A|| 2 = (/3-i) 2 | 2l r-VV)KI 2 KI 2 

where g 11 = det(g)~ 1 g 22 . 
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det(g) = {\ Zl \ 213 2 +g 1 j)g 2 2 - \ 9 i 2\ 2 = S 22 M 2 ' 3 2 { l + (S 22 ) 1 det(^)|^i | 2 2/3 ) 

Unwinding notation we have that at the point x, g 22 = 1 + ev 22 (x) and det(g)(x) = ev-y^x) + 
e 2 det(i/)(x). We conclude that (g 22 ) _1 det(g) > Q~ x e, so 

g lT (x)<(l + S)- 1 \z 1 \ 2 - 2 ^ 

with 5 = Q _ 1 e|^i| 2_2/3 . We get 

|| £ ;|| 2 <(i + 5)- 1 (/3-i) 2 |,i| 2 ^ 4 KI 2 KI 2 

Next we do a trick 

l|T 2 || 2 <(i + r 1 )||D || 2 + (i + d)|| J B || 2 

The claim (and the lemma) will follow if we can bound e - 1 | 2 :i| 2 / 3 - 2 ||Z}|| 2 . 

2 2 

Ill’ll 2 = d^i^gij^g^^ViVjWkWi = ^ g 11 (x)g irk {x)g 1 j 1 (x)v i v j w k wi 

s,t,i } j,k,l=l i,j,k,l =1 

(The second equality follows from the first claim). Since g n (x) < |zi | 2-2/3 and \fjfj k {x)\ < Ce, the 
estimate follows. 

□ 


4 Linear analysis 

4.1 Interior Schauder Estimates and metrics with cone singularities. 

Consider the singular metric = /3 2 |zi | 2/3-2 |(Ai | 2 + \dz 2\ 2 on C 2 . We want to define Holder continuos 

(1,0) and (1,1) forms. Note that under the map z\ = r^e 101 we have = dr\ + /? 2 r\d0\ + |cfo 2 | 2 - 
Set e = dr\ + iftndOi. A (1,0) form 77 is called C a if r) = fie + / 2 drc with / 1 , f 2 C a functions in the 
usual sense in the coordinates (rie lBl , zf). It is also required that /1 = 0 on {z\ = 0}. If we change e 
by e = e l6 e = /3\zi\P~ 1 dzi, say, in the definition then the vanishing condition implies that we get the 
same space. In order to define C a (1,1) forms we use the basis {ee, edw, dwe, dwdw}, as above we ask 
the components to be C a functions and we require the components corresponding to edw, dwe to vanish 
on the singular set. Finally we set C 2, “ to be the space of C a functions u such that du,ddu are C a , 
with a choice of some obvious norm. 

We are interested in the equation A u = f where A is the laplace operator of g^y We define 
L 2 on domains of C 2 by means of the usal norm ||ri || L 2 = J |Vrt| 2 + f u 2 In the coordinates {r\e lBl , z 2 ), 
/3 2 g euc < ff(/ 3 ) < (1 +/3 2 )g eU c, , so that L\ coincides with the standard Sobolev space in these coordinates. 
Let u be a function that is locally in L 2 . We say that u is a weak solution of A u = f if 

J < Vu,V0>=- J f<t> 


for all smooth compactly supported (f>. 

Proposition 3 Fix a < /l -1 — 1 , then there exist a constant C such that if u is a weak solution of 
Art = f on B 2 and f £ C“(I? 2 ) then u £ C 2,a (Bi ) and 

I|m||c 2 .“(Bi) < C (||/||c“(b 2 ) + IM|c°(b 2 )) (4-1) 

We mention 3 differences between Proposition [3] and the standard Schauder estimates 
• We don’t have estimates for all the second derivatives of u. (E.g. d 2 u/drf). 
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• The component of du corresponding to e needs to vanish along the singular set provided A u £ C a . 

• The estimates require a < /? _1 — 1. 

All these facts can be explained by the fact that if p is a point outside the singular set, and T p = G(.,p) 
with G the Green’s function for A, then around points of {zi = 0} one can write a convergent series 
expansion 


T P = a j,k(z 2 )r[ k/,3 ' >+2j cos(fc6»i) 

j,k> 0 

with a,j : k smooth functions. 

Now let 77 be a (1,1) form on B 2 with ||C"(^ 2 ) — e - Assume that rj has support contained in B 1 
and consider the operator Lu = A u+ < ddu,g >. If e < 1/(2C) we can use 14. II to get the estimate 

IMIc^OBi) < 2 C (\\Lu\\ C o.(b 2 ) + IMIc°(b 2 )) ( 4 -2) 

for all functions u £ C 2 ,a (B 2 ). 

Now let C be our smooth curve in C 2 and let w be a (smooth) Kahler metric in the complement of 
C. We say that u is a metric with cone singularities along C of angle /? if around each p £ C we can 
find holomorphic coordinates {z\ , 22) such that 

u = w (/3) + 77 (4.3) 


with 77 £ C a and 77 ( 77 ) = 0. 

Given our curve C and a bounded open subset U of C 2 we can define the space C 2,a (U) by taking 
a finite cover of U with coordinates in which C = { Z\ = 0}. Let p £ C and write u> as in 14.31 After 
a dilation and multiplying by a cut-off function we can assume that in a smaller neighborhood of p we 
have A w = L with L as in l4.2I From here we get that 

IMIc 2 .<*(b) < G (||A^'u||c«(y) + ||u||co(v)) ( 4 - 4 ) 

for all u £ C 2 ’ a (V). In 14.41 we assume that U is compactly contained in V. The constant C depends on 
u>,U,V. 

Finally let us say that the metrics we have constructed in the previous section have cone singularities 
in the sense of 14.31 because of the following 

Lemma 10 Let uj be a Kahler metric on C 2 \ C such that around each p £ C we can find holomorphic 
coordinates ( 21 , 22 ) such that 

uj = Vt + idd{F\ Zl \ 2f> ) 

with Q a smooth (1,1) form such that Ll(d/dz 2 1 d/&Z 2 ){p) > 0 and F a smooth positive function. Then 
uj has cone singularities in the sense pfM 

Proof: This follows from the computation 

idd(F\ Zl \ 2 P) = |2i| 2 ^a9F + /3|2i| 2 ^- 2 (ziidzfdF + zidFdzi) + /3 2 F\zi\ 2 ^~ 2 idzidzi 
Setting 21 = a2i, 22 = bz 2 with a = F(p ) 1 / 2 and b = (Ll(d/dz 2 ,d/d r Z 2 ){p)) 1 ^ 2 one gets 14.31 

□ 


4.2 Weighted Holder spaces 

Let cup be the flat metric. Consider the annulus A\ = B 2 \ B\, where Bn — {r < i?}. We know that 
around each p £ L fl A\ we can find coordinates ( 21 , 22 ) in which ujf = gn 3 ) and that ujf is locally 
isometric to the euclidean metric outside L. We fix a finite cover of A\ by such coordinates and define 
the space G 2 ,q (Ai) in the obvious way (similarly we can define the space C a ). Alternatively (in more 
intrinsic terms) we could have taken an orthonormal basis for the (1,0) forms {ti, 72}, for example by 
applying Gram-Schmidt to {dz, dw} over A\ \ L, and ask for the components of du and ddu with respect 
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to Tj and TiTj respectively to be C a . (Correspondingly we can define the space C a by considering the 
distance induced by u>f and applying the standard definition). 

It follows from the standard Schauder estimates and Proposition [3] that there exist a constant C such 
that for every u £ C 2 ' a {A]) 

IMIc 2 ’“(Ai) < C (ll/llc“(Ai) + ll' u llc°(Ai)) (^-®) 

where A u = f is the laplacian of u with respect to u>f and A\ = B 4 \ Bi/ 2 . 

Let 7 £ R, we want to define the space C“. For A > 0, denote A\ = B 2 \ \ B\. In other words 
A\ = D\(A\) where D\ is the map given in spherical coordinates by D\(r, 6 ) = (A r,9). Note that in 
complex coordinates D\(z,w) = (\ 2 / c z, X 2 ^ c w). Let / be a continuous function on C 2 \ {0} . Define 
/a, 7 = A 1 .{f o D\) and think of it as a function on Ai. Finally we set 

II/IU.7 = sup||/a, 7 ||c°(A 1 ) (4-6) 

A>0 

It follows that if / £ (the space of functions in C 2 \ {0} for which the above norm is finite), then 
|/(ir)| < Ar(x ) 7 for some constant A. In fact, if we let ||/||o ,7 = su Pa>o II/a, 7 ||c°(Ai) we clearly have 
||/||o ,7 < ||/|| a ,7 and ||/||o ,7 is easily seen to be equivalent to sup^, r(x)~' y \f(x)\. 

It is clear that if we use A\ instead we would get an equivalent norm, i.e, there exist a constant C 
such that 


supII/a^H^ca'o < C||/|U,7 

A>0 

Having said what is the space C 2,a on A\ we can define the space Cg' a to be the space of functions 
u on C 2 \ {0} for which 

l|w|| 2 ,a ,<5 = sup lluA.allc 2 '^!) ( 4 -7) 

A>0 

is finite. As above S is any fixed real number. 

With these definitions we claim that A defines a bounded operator from C|’“ to C“_ 2 ■ Indeed, from 
the expression 


we get that A u\ = 
A > 0. Then 


A = 


d 2 


3 5 1 A 

+ ^tAtt 


dr 2 r dr r 


(4.8) 


A 2 (Am)a, where we denote u\ = u o D\. Now take u £ C|’“, write A u = f and let 


fx,s -2 = \~ s+ 2 (Au) x = \~ 5 Aux 

and our claim follows from the fact that A : C 2 , “(Ai) — > C a {A\) is a bounded operator. 

Let us give an equivalent norm in C 2 ' a which will make evident the fact that if u belongs to this 
space then \ddu\ gp = 0(r 6 ~ 2 ). In order to do this we note that on C 2 \ L we have an (up to a factor of 
a/ 2 ) orthonormal basis (w.r.t. gp) of the ( 1 , 0 ) forms given by {ti,T 2 } (see 12. 1511 such that D x n = At,. 
Given a function u we write du = JA mTi and ddu = JA j We claim that 

\\u\\ 2 , a ,s = N| 0 ,a + IMk'S-i + 5Z W U ij\\oc,S-2 (4-9) 

i i,j 

defines an equivalent norm as the one defined above. (Our claim justifies the abuse of notation since 13131 
is not exactly equal to m ■ Since A u = u 1 j + u 22 we see again that A : C 2 ' a —> C ”“_ 2 is a bounded map. 

We compute ||'u.\,<s||c 2 >“( J 4 i) using the basis {ti,t 2 }. Since D x is holomorphic we have that du x = 
D* x du = A J] j{ui)xTi and that ddu x = D x ddu = A 2 JA j{uA)xTiTj. Our claim then follows from 

l|wA,i||c 2 .“(A 1 ) = ||A -,5 Ua||co(Ai) + ^2 ||A _<5+1 ('Ui)A||c“(Ai) + II A _<5+2 (u i j)A llc“(Ai) 

i i,j 
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. In arguments in which the Holder exponent a is not crucially needed we will say that a function is in 
C 2 if the components iq- are continuous. Similarly we can give a definition of Cf. 

We are now ready to state our first main estimate 

Lemma 11 Let a < /3 _1 — 1 and 6 £ R. Then there exist a constant C = C(a,S) such that for every 
u £ Cf’“ with Au = f 

IM|2,a,5 < C(\\f\\ a ,S -2 + IMM 

Proof: Write 5 = 7 + 2. Let A > 0 we apply the interior estimate 14.51 to u\,s = ^ S u\ to get 

IKaIIc^ca) <c(\\\- s+2 h\\ ca{Ai) + HA- 5 ua|| C o (/ i) ) 

and note that the first term on the r.h.s. is bounded by ||/|| a ,7 and the second term is bounded by 

IMIo,7+2- 

□ 

Remark 3 In fact we have proved that if u is locally in C 2 ’ a and ||u||o ,5 is finite, then u £ Cf’“ and the 
above estimate holds. 

Our next goal is to bound ||u||o ,5 in terms of ||/|| a ,< 5 - 2 - It turns out that this is true, except when 6 
belongs to the discrete set of ’Indicial Roots’. In order to explain what is this set we digress a little and 
discuss some basics of spectral theory for Aj, the laplacian of the singular metric on the 3-spliere. 

First we note that on (S 3 , ~g) there is an obvious definition of the spaces L 2 and L 2 . Since there is a 
diffeomorphism \ of S 3 \ L such that x*9 is quasi-isometric to a smooth metric on S 3 we see that L 2 
and L 2 correspond under \ 1° the usual spaces. In particular we have that L 2 C L 2 is compact. 

If we write the norms as ||/|| 2 2 = f f 2 and ||u Wll = / u 2 + J |Vit| 2 we see that f £ L 2 defines 
a bounded linear functional T on L 2 by T(</>) = f fcf. If we write T =< u,— >l\ then u is said to 
be a weak solution of —A-gU + u = f. The map K(f) = it is a bounded linear map between L 2 and 
L\, composing this map with the compact inclusion we have a map K : L 2 —» L 2 which is compact 
and self-adjoint. It follows from the spectral theorem that we can find an orthonormal basis o 

of L 2 such that = Si<f>i and Sj —> 0. Unwinding the definitions we get that A-g(fi = with 

0 = Ao < Ai < A 2 < ... and A* = (1 — Si)/si —> 00 . 

For each A i define Sf to be the solutions of (s(s + 2) = Ai} with Sf non-negative and S~ non-positive 
(in fact < —2). The set of Indicial Roots is set to be I = {<5^, i > 0}. With this definition we can estate 
the following 

Lemma 12 Let u £ Cf such that Au = 0 and S (f I. Then u = 0 
Proof: 

Write u(r, 9) = where Ui(r) = f g3 u(r, .)</>*. It follows from Holder’s inequality that 

if |u| < Cr 5 then |iii(r)| < C , (Vol(g)) 1 / 2 r' 5 . On the other hand the equation Au = 0 implies that 

// 1 3 , Aj 
iq + -iq - ^ u i = 0 

so that Ui = Ar s + Br &i for some constants A and B. Since S ^ df we get that m = 0. 

□ 


Proposition 4 Let a < (3 1 — 1 and 6 £ R \ I. Then there exist C = C(a, 6) such that 

IMIw < C '||/|| a ,«_ 2 ( 4 . 10 ) 

for every u £ C s ’ a with Au = f 

Proof: If the result was not true then we would be able to take a sequence ||itfe|| 2 ,a ,6 = 1 with Auk = fk 
and ||/fe|| q.,5 —2 -4 0. It follows from Lemma ITTl that ||ufe||o ,5 > 2e for some e > 0. Hence we can find 
Xk such that r(xk)~ s \uk(xk)\ > e. Consider the sequence Uk = {uk)L k ,s where Lk = r(xk). Write Xk = 
(■ r(x k ),9 k ), then \u k (x k )\ > e with x k = (1 ,9k)- On the other hand f k = A u k = Lf s+ 2 (f k ) Lk = (f k ) Lk ,-y- 
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(Where 7 = 6 - 2). The key point is that ||ti|| 2 ,a,« = \\uL,sh , a ,5 and ||/|| a>7 = ||/L , 7 || a , 7 for any L > 0 
and f,g any functions. So that ||tTfc|| 2 ,q :,5 = 1 and ||/fc|| q.,< 5—2 —► 0. Let K n = B n \ B\/ n for n an integer 
> 2 . Arzela-Ascoli and the bound ||ufc|| 2 ,a,$ = 1 imply that we can take a subsequence Uk^ which 
converges in C 2 (K n ) to some function u n such that A u n = 0. The diagonal subsequence u n < ' n ' > converges 
to a function u in C 2 \ {0} which is in C 2 and A u = 0. Since |ufc(affc)| > e we see that ti/0, but this 
contradicts Lemma [T2l 

□ 

In practice we will only use the estimate 14.101 for functions u with support outside B\. For this 
functions we can give another equivalent definition of the norms 14.61 and 14.71 
Slightly abusing notation let us set 


II/IU.7 — |l/l|o,7 + [/]a,7-c 
for functions / with supp(/) C B± and where 


(4.11) 


[/k 7 -a = sup min {r(x),r(y)} — IM .i 

x,y a{x,y) 

when 7 < 0 . (If 7 > 0 we replace min{r(a;),r(y)} by max{r(a;) ) r’(j/)}). 

Claim 7 fJTS | and \ 4 -ll\ define equivalent norms 
Proof: 

We prove that 14.Ill is bounded by a constant times 14.61 Consider the case of 7 < 0. Take x, y £ C 2 
with r{x) < r(y) such that 


(l/ 2 )[/]a, 7 -« < r{x) 


- 7 +“ 


I fix) - f(y) | 


d(x, y y 

Assume first that r(y) > (5/4)r(x), say, then d{x,y) > d(y, 0) — d(x, 0) > (1/4 )r(x) so that 


(V 2 )[/]a, 7 — « < r(x) 7 \f(x)\+r(x) 7 \f{y)\ 


when 7 < 0, r(x)~ 1 \f(y)\ < 7'(2/) _7 |/(?/)| and this last term is bounded bv 14.61 When r(y) < (5/4 )r(x) 
we write x = ( r(x),9) and y = (r(y),^}). Let x = (3/2,0) and y = (fyjfyjVO- Set A = (2/3 )r(x) so that 
D\(x) = x and D\(y) = y. Note that x, y € A± ( r(y ) < 15/8 < 2), so that 14.61 gives us a bound for 


a -y 1 f(x) - f(y) I 

d(x, y) a 


= (2/3 )- 7 r(x)~ 7+a 


I f(x) - f{y) I 

d(x,y) a 


From this we get that 14.111 is bounded by a constant times 14.61 The reverse inequality follows similarly. 

□ 

Putting [4. Ill and 14.91 together we get that the norm @77] we defined is equivalent (for functions u with 
supp(u) C B{) to the commonly used JS 1]. 

Finally let us point that (—2,0) D I = <f> independently of ~g. In fact, for this range one can give an 
alternative proof of 14.101 which does not use the spectrum of A -g. 

Lemma 13 Let u £ C 2 with supp(u) C Bf. Assume Au = f G C$_ 2 for some S £ (—2,0) and that 
u £ C® for some y < 0. Then 


IMIo,« < ca||/||o,5_2 

with c$ = —(<5 + 2)~ 1 5~ 1 . 

Proof: 

From PT71 we have that A r s = (6 + 2 )5r s ~ 2 = —Qsr s ~ 2 with Q$ = — (5 + 2)6 > 0. On Un = Bn \ B± 
consider the function h = u — Ar s — mn where mn = sxvp dBR u and A = ||/||o,< 5 - 2 /( 2 < 5 - Then 

Ah = f + \\f\\ 0 , S -2r 6 - 2 >0 
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ft < 0 on dBi since u has support outside B\. By our choice of vir, ft < 0 on 8Br . The maximum 
principle implies that ft < 0 in Ur, i.e. for every x £ Ur we have that 

u{x) < (\\f\\ 0 ,5-2/Qs)r{x ) 5 + m R 

. Since u £ C° for some // < 0 we have that lim^oo niR = 0. We let R. —> oo and get the desired upper 
bound on u. The lower bound, and hence the lemma, follows by applying the upper bound to —u. □ 

Let us explain how one can use the maximum principle in this context. Let A = Br 2 \ Br x C C 2 \{0}. 
Let ft £ C 2 {A) be such that A ft > 0 and h\gA < 0. We claim that ft < 0 on A, if this was not the case we 
can find p £ A such that h(p) = sup^ ft = 2m >0. If p L this would contradict the usual maximum 
principle. Then p £ L. Let e < /? and 5 be small enough such that 6\l\ 2e < m on dA. Consider the 
function H = ft + ft|/| 2e . By our choices H has a local maximum at some point q £ A. Since idd\l\ 2e > 0 
we still have AH > 0. Since e < /3 and ft is a C 1 function, we have that q (f L, contradicting the usual 
maximum principle. In fact this argument can be adapted to other situations. For example the same 
holds if ft is C a , smooth outside L with A ft, > 0 (one then needs to take e < a/3). 

4.3 Main result 

In this subsection we study the mapping properties (between weighted spaces) of the laplacian of a metric 
ui with cone singularities along C asymptotic to uip. We fix such an ui given by Lemma O 

We want to define our weighted Holder spaces. The notation is the one of subsection 13.II Fix N large 
enough such that C D B^ C U 2 rj/ 2 . Let \ be a smooth function equal to 1 on B^ +1 which vanishes on 
Bn- For a function u : C 2 —> R we write Uoo = \ u ° G. We change notation and introduce a ' on the 
norms of the previous subsection. The space Cg’ a ( C“) is defined to be the set of functions u (/) such 
that the norm 


II^11 2,a,<5 — IM|c 2 ’“(,BAr+i) ~b ll M oo II2,a,5 


(4.12) 


ll/l|a, 7 = ll/llc^+0 + ||/oo||^, 7 (4.13) 

is finite. The fact is that these are Banach spaces. 

Write A for the laplacian of ui. We apply the estimates of the previous two subsections to get the 
following 

Corollary 1 Let S £ I and a < — 1. Then there exist a compact set K and a constant C such that 

for all u £ C s ’ a with A u = f we have 

IMka,<5 < c (|Mlc°(if) + II/IIck,<5— 2 ) (4-14) 

Proof: 

The key point is that if v £ (Cg’ a )' with support on Bf, 

||A G „ g n - A F v\\' atS _ 2 < Ci |MI' w (4.15) 

with cl — > 0 as L —> 00 . Where g is the metric corresponding to u> and Ap is the laplacian of the flat 
metric. Since G*g = gF in a region Us',R' and \G*g — gp\g F = 0(r M ) for some p, < 0 with derivatives on 
the complement of Uv w. ITT51 holds. 

The lemma then follows from [4T0] and the interior estimates. 

□ 


Lemma 14 A : Cg’ a —> C^“_ 2 has finite dimensional kernel for any S and closed image when S (f I. 
Proof: 

Let us start by proving the statement about the kernel. Assume first that 6^1 and let Uk £ Cg’ a 
with A Uk = 0 and ||ufc|| 2 ,a ,5 = 1. By Arzela-Ascoli we can take a subsequence which converges in 
C°(K ) to some function. We apply the estimate 14.141 to conclude that the subsequence is Cauchy in 
Cg' a and hence ker(A) is finite dimensional. In the case that 6 £ I just take 8 > 6, 5 (j I and note that 

cf a C CJ-. 
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To prove that the image is closed let us write Cg’ a = V ® ker(A) for some closed subspace V. We 
claim that there exist a constant C such that ||u|| 2 ,a ,<5 < C'||/||a,< 5—2 for every u £ V. If this was not true 
then we would get a sequence such that ||ufc|| 2 ,a ,5 = 1 and ||/fe|| a ,<5 —2 —> 0. It follows from Arzela-Ascoli 
and 14.141 that, after taking a subsequence, we can assume that Uk converges in Cg’ a to some function u 
with A u = 0. Since u £ V then u = 0 and this contradicts ||Wfc|| 2 ,ck ,<5 = 1- Finally let fk = A Uk with 
fk —► f in Cf_ 2 . We can assume that Uk £ V. The estimate we just proved implies that {uk} is Cauchy 
and converges to some u £ Cg with A u = f. 

□ 

Let 'H be the the completion of the space of compactly supported functions </> £ L\ under the Dirichlet 
norm f |V(/>| 2 . (In a more precise notation we should write f c2 |V“0|w 2 ). 

Lemma 15 (Sobolev inequality) There exist C such that 

H 4 ) 7 < cj |V</>| 2 (4.16) 

for every <f> £ TL 

Proof: This follows since we can find a diffeomorphism of C 2 \ C under which ui is quasi-isometric to the 
euclidean metric. □ 

Let / £ L 4 / 3 . It follows from 14.1(11 that Tf(cjj) = J f<j> dehnes a bounded functional on TL. A weak 

solution of A u = f is a function u £ TL such that — / < Vu, V0 >= / /(/> for every cf> £ TL. It follows 

from Propositiorl3] that if / is locally in C a then u is locally in C 2,a . 

Lemma 16 Let f £ and u £ TL a weak solution of Au = f. Then u £ Cg’ a for any S > —2 



Proof: 

Let 


M 


2 

L 2 X 


/ 


MV 2 V 4 


Since u £ W we get that f \u\ A is finite (in fact it is bounded by H/Hz, 4 / 3 )- From Holder’s inequality 
we have that 

i/2 / „ v. 1/2 


Mh < 


-4(5+2) 


. If S > —1 we conclude that ||ri ||+2 is finite. 

In the interior Schauder estimates one can replace the C° norm in the r.h.s by the L 2 norm. Using 
the interior estimates in this form one gets that if u is locally in C 2,a and ||it||z ,2 is finite, then u £ Cg’ a 
and 


IMka, 5 <c(||/|| Q , 5 —2 + IML2) 

Hence u £ Cg for any S > — 1. One can then use Lemma flUl to show that in fact this is true for any 


Proposition 5 A : C 2 5 ’ a -> C%_ 2 is an isomorphism when S £ (—2,0) and is surjective when S £ 

( 0 , 2 ) \ I. 

Proof: 

The fact that A is injective when S < 0 follows from the maximum principle or by integration by 
parts. The key is to prove that the map is onto. By lemma [TT] it is enough to prove that the image is 
dense. We know from lemma M that the space of C a functions with compact support is contained in 
the image, one detail is that this space is not dense in Cf_ 2 . But this can be overcome as follows: Take 
/ £ Cg_ 2 and S < S < 2 with [5, J] D I = </> . Let h n be a sequence of smooth cut-off functions with 
h n = 1 on B n and h n = 0 on Bf +1 . The sequence of functions f n = h n f —> f in C? so that we can 
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find u £ C~’ a with A u = /. It follows from the proof of lemma [Til that we can take u £ C 2 ,’ a for any 
S' £ ( 6 , j] and with ||u|| 2 ia , 5 ' < C'||/|| ai a with C independent of S'. By taking the limit as S' —> S we get 
that u £ C 2 ’ a 

□ 


Remark 4 Let = « + iddu be a Kahler metric on C 2 \ C with u £ C 2 ’ a for some 6 < 2. Then 
Proposition [5] holds for the laplacian of lo u 

Finally we mention some properties of these weighted spaces that will be useful to us. 


• Multiplication gives a bounded map 


C“ x C° 


c 
c . 


71+72 


• Let {fj}jT 1 C C“ with ||/j|| a , 7 < C for some constant C. Then, after taking a subsequence, we 
can assume that fj —► f uniformly in compact subsets to some function /. Moreover f £ C“ and 

II/IU.7 < C. 

• Let / £ C? and a < a, 7 < 7 . Then for every e > 0 we can find h £ Cf° such that ||/ — h|| a>7 < e. 


4.4 Application 

Proposition 6 There exist uo £ Cg’ a for some 5 < 2 such that wo = w + idduo is a Kahler form on 
C 2 \ C with 

Lul = e- fo \p\ 20 - 2 nATl 

and f 0 £ 


Proof: 

Write 

w 2 = e- f \P\ 20 ~ 2 LlATt 

We claim that there exists 0<d</3 -1 — 1 and 7 < 0 such that / £ The fact that f £ C a on 
compacts subsets follows from the expression 14.31 Lemma [7] then proves the claim. (We can take any 
7 > - 2 /c ). 

Let 0 < a < a and 7 < 7 < 0 such that <5 = 7 + 2^/. Then there exist {hj}'fL 1 C such that 
linij— 10 c || f hj 11 ck, 7 — 0 . 

Consider the bounded map T : U C C 2 ’ a —> Cf_ 2 defined in a neighborhood of 0 and given by 


A(u) 


log 


(w + iddu) 2 


. So that .F(O) = 0 and DF\q = A. By the implicit function theorem we can solve ^(uq) 
some N » 1 and we get that 


f - h N for 


(ta +iddu 0 ) 2 =e f ~ hN uj 2 
and the proposition is proved with /o = hjv- 

□ 


5 A priori estimates for the Monge-Ampere equation 

Let oj and wq be as before, recall that 


w 2 = e- fo \p\ 2f5 - 2 nAn 


with f 0 £ Cf°. 

We fix 0 < a < /3 -1 — 1 and —2 < S < 0. The main result of this section is the following 
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(5.1) 


Proposition 7 There exist a constant C independent oftG [0,1] such that if ut £ (7?’“ solves 

(iwo + iddut) 2 = e^w 2 

then ||« t || 2 ,a,5 < C 

In the following subsections we simplify notation and write / = tfo and u = Ut 


5.1 C° estimate 

We use Moser iteration. Note that u £ C$ implies that u £ L p for p large and ||u||o = limp-yoo ||m||lp- 
Lemma 17 For all p > 2 with pS + 2 < 0, if we write <j> = rt|it| p / 2-1 then we have 



|V0| 2 w 2 <p [ u\u\ p 2 (l-e f )uj% 
J c 2 


(5.2) 


Proof: Write 


p = u\u\ p 2 idu A (wo + u> u ) 

which is smooth on C 2 \ C. Consider the region U = Br \ {|P| < e}. By Stokes’ theorem J fr dp = J gu p 
where 


dp = (p — 1)M P 2 idu A du A (ujq + uj u ) + u\u\ p 2 {e f — 1)wq 

For R fixed we let e —> 0. Write C e = {|P| = e}flBj{. Note that lim e _y 0 Area go (C e ) = 0 and that |? 7 | go 
is bounded. We conclude that we can take U = Br and dU = Sr. Now note that VoI^Sr) < CR 3 and 
\p\ go < CR( p - 1 ^ s+s ~ 1 on Sr. The choice pS < —2 gives limR^oo J Sr p = 0 and we get f c2 dp = 0. 

The lemma follows from iduAduAuio = |Vri| 2 WQ, |V0| 2 = (p 2 /4)|u| p_2 |Vri| 2 and iduAduAco u = Fuq 
with F = \S7u\ 2 gu (ul/ul) > 0. 

□ 

Now we are ready to prove the C° bound on u. 

Proof: The Sobolev inequality for the metric wo tells us 

(L^i 4w “) ^ c J C2 \ v ^ 2uj o ( 5 - 3 ) 

Apply this to 0 = it|u| p / 2_1 , use 15.21 to get 

MU < CpMU-i (5-4) 

The next step is to estimate ||m||lpi for some p\ > 2. In order to do this we fix some po > 2 such that 
PqS + 2 < 0 and use 15.21 IPl to get 



< Po 


\l-e f 


\P0~ 


UJ 


2 

0 


Let r > 1 be given by r(po~ 1) = 2p 0 and q by r l +q 1 = 1. We replace |1 —e^| < Cp 1 . (Withy = S— 2). 
From the choices it follows that ||p 7 ||i9 < C. Holder’s inequality then implies that ||w||lpi < C with 
Pi = 2p 0 - 

Using the bound on ||zt|[ r.pi ■ IfoH and an induction argument one gets a uniform bound (independent 
of p) on ||m||lp, finally one gets ||w||c° = lim P ->°° IMIlp < C. □ 
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5.2 C 2 estimate 

We use the maximum principle. 

Proposition 8 (Chern-Lu inequality) Let oj and 77 be two Kahler metrics such that Ric(u}) > —B\p and 
Bisec{rf) < B 2 for some Pi, B 2 > 0. Set <fi = tr u (r)). Then 

A w log</> > —B<j) (5.5) 


where B = B\ + B 2 . 

We will use this in the complement of the curve, with 77 = w re f. Note that Ric(w) = (1 — t)Ric(wo)- 
Write u) = u re f + iddv (note that u and v differ by a fixed function), taking the trace w.r.t. lo we get 
2 = 4> + A u v. Consider the function H = log^> — Av, with A = B + 1 . It is enough to show that H is 
bounded above by a uniform constant. Since H(y) —> log2 as y —> 00 , we can assume that H attains its 
global maximum at x £ C 2 . If a : £ C 

0 > A ujH(x) > —B(j) — AA^v = <j>{x) — 2A 

from where we get the desired estimate. 

If x £ C we can assume H(x) > log 2 + 3 and take R > 0 so that H\qb r < log 2 + 1 . Fix some 
0 < e < /3 and consider the function H = H + (l/IV)|P| 2e where N > 0 is big enough such that 
(l/iV)|P| 2e < 1 on 8Br. By our choices max^-j ^H = H(x) with x ^ 8Br. Since H £ C a and e < /3, 
we have that x £ C, hence 

0 > A u H(x) = A U H + (l/iV)A^|P| 2e > A u H(x) > - 2A 

We used that A^|P| 2e > 0 since idd\P\ 2e > 0. Note that H(x) < H(x) < H(x) to get the estimate. 

5.3 C 2,a estimate 

What we want follows directly from the following 

Proposition 9 f3^ Let <j> £ C 2,a (B 2 ) such that 10 = ojrm + iddcf solves 

w 2 = e f u 2 (0) 

with < ui < Qu>(p\, ||</ , ||c 0 (b 2 )» II/IIc“(b 2 ) A Q for some Q > 0 . Then there exist C depending 

only on Q such that 

[dd4>]c-( Bl ) < A 

5.4 Weighted estimates 

Let us fix some 8 < p < 0. 

Claim 8 ||it||co < C 

In order to prove this claim we introduce the norm 

M p l * = [ \u\Vp-Wp-W 0 

" J c 2 

Because u £ C® and 8 < p we have that u £ C°, u £ L? for all p > 1 and ||u||co = lim^oo ||u|| l p. 
Lemma 18 For p > 2, pp < —2 we have 
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To prove the lemma it is necessary a bound on ||dchi||co. The proof is similar to the one of !5.4l and can 
be found in Joyce’s book. To bound ||u||o, M we start be noting that if po = (— 4/p) then ||u|| l j>o = ||u||lp 0 
and we already have a bound on this quantity. Finally an induction argument using [5TH1 gives the desired 
estimate. 

Claim 9 ||u|| 2 ,a,a < C 
Proof: 

From oj 2 = we have that iddu A (2wo + iddu) = (e? — l)wg and we get 

A 0 u = {e f - 1 ) + (5.7) 

with ib = li 1 -. We could also have written 
y 

A u = H.(e f - 1) (5.8) 

where A is the laplace operator of the metric w u /2 = ujq + idd(u/2) and H = uj^^/uj 2 . 

Note that w u / 2 = (l/2)wo + (l/2)w u > (l/2)wo and the C 2 ’ a bound on u allow us to conclude that 

IMIc 2 .“(Bi(x)) < C (||Au|| C 2 ,a( B 2(x)) + IMIc°(b 2 (x))) (5-9) 

with a constant C independent of x. We multiply 15.91 bv p(x)~^ and we get 

ll^ijIlo.M < p{x)~ ^ 13 y y} V ^ < c whenever d(x,y) < 1 (5.10) 

Now we take p < fl <0, jl = p + a such that 2 p < —2. (We started with — 2 < <5 < — 1 — a, then we 
take 6 < p < — 1 — a so that p < —1). We claim that 15.101 implies that In fact one only needs 

to consider the case of d(x,y) > 1 , let’s say that p{x) < p{y) and estimate 

p{xr p + J u i3(^-u^(y)\ < p{x) -n {K _ j{x) + lUi _ m < 2C 

We use 15.71 to conclude that ||w|| 2 ,a, 2 + 2/1 < C. So that ||Ujj|| aj 2 /i < C, from here ||^||ct, 4 /i- Since 
Ap < — 4 < S — 2 we use can 15.71 again to obtain ||u|| 2 ,a ,5 < C. 

□ 

This claim finishes the proof of Proposition [7] and hence of Theorem [T] In the statement of [T] one can 
take any 7 > max{—2/c, —4}. 


6 Context 


6.1 Energy of the metrics 

An interesting question is to ask about the energy E = ^2 / |7?m | 2 of gRF- We have the following 


Conjecture 1 

E= 1 + 08 - 1 )X(C) - 


( 6 . 1 ) 


We recall that g is the corresponding singular metric on the 3-sphere and we know that Vol(g) = 
( 7 t 2 /2 )c 2 (see Remark [1]). The Euler characteristic of C is given by x(C) = 2 — 2g — d, where g = 
{d — l)(d — 2)/2 (by the degree-genus formula). Putting these facts together we obtain a formula for E 
which only involves d and /3. 

One can guess ROl from a more general Gauss-Bonnet type formula in the context of metrics with cone 
singularities. In the case d = 2 we have that x(C) = 0 and Vol(g) = 2(3 2 n 2 so that 16. II reads E = 1 — /3 2 . 
One can prove this formula by direct computation sine the metric is given by the Gibbons-Hawking 
ansatz. 

Next we give an example with which we expect to illustrate the interest of 16.11 In CP 2 with homo¬ 
geneous coordinates [xo,x±, X 2 ] consider the family of elliptic curves 
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C e = {xqX\X 2 - e(xg + xf + xl) = 0} 

These curves are smooth when e > 0 and Co is the union of three lines. Fix 0 < /3 < 1 as before. It is a 
(difficult) fact that for each e ^ 0 there exists a Kahler metric g e on CP 2 \ C e with cone angle 2np along 
C e and constant positive Ricci curvature on the complement of the curve, let’s say Ric(g e ) = g e . 

Take a decreasing sequence of positive numbers €j —> 0. For different values of the parameter e 
the curves C e are different complex tori. The metrics g e . are pairwise non-isometric. Denote by d e 
the distance induced by g e . It follows from Gromov’s compactness theorem that there exist a metric 
space (X, d) such that (CP 2 , d Cj ) —> (X, d) in the Gromov-Hausdorff sense, after taking a subsequence if 
necessary. 

In fact there is a natural candidate for (X,d). The S 1 action e l6 (xo, x±, X 2 ) = (e l6 Xq, e' ie xi, e ld X 2 ) 
preserves the metric of (C^) 3 . Taking an appropriate Kahler quotient we get a Kahler metric go on 
CP 2 with cone angle 2n/3 along Co and Ric(go) = go cm the complement of Co- When p = 1/k the 
metric go is (up to a constant factor) the push forward of the Fubiny-Study metric under the map 
[x-o,Xi,X 2 \ — > [xq,Xi,x%\. The metric go induces a distance do and our candidate for (X, d) is (CP 2 , do). 

Let C C X be a smooth complex curve in a compact complex surface. If g is an Einstein metric with 
cone angle 2np (in a suitable sense) along C then the energy of g is given by 

E = x(X) + {fi- l)x(C) (6.2) 

where x denotes the Euler characteristic (see [T2] ). We apply this formula to the metrics g e to obtain 
E(g e ) = 3. On the other hand the energy of the metric go can be computed directly (in the case when 
P = 1/k it is 1/k 2 times the energy of the Fubini-Study metric) and is given by E(go) = 3/3 2 . If our 
conjecture that (CP 2 , d €j ) (CP 2 , do) is true, then we are loosing an amount of energy equal to 

E(g e )-E(g 0 ) = 3 - 3/3 2 = 3(1 -/3 2 ) (6.3) 

Let p denote any of the points [1,0, 0], [0,1,0] or [0, 0,1] and write A j = |Rm(f/ e .)|(/j). Let gup be the 
metric in Theorem |T] when C = {zw = 1} and write a = |Rm(giji?)|(0). We expect that A j —> 00 and 
that (CP 2 , A jg tj ,p) —> (C 2 ,agnF,0) in the pointed Gromov-Hausdorff sense. 

Alternatively, consider the embedding of C 2 into CP 2 given by (u, v) —> [u, v, 1]. In these coordinates 
the point p = [ 0 , 0 , 1 ] corresponds to 0 and 

C e = {uv = e(u 3 + v 3 + 1)} 

. Write u = yfiz and v = yflw so that C e = {zw = e 3 / 2 z 3 + e 3 ^ 2 w 3 -I- 1}. Write (u,v) = F e (z,w). We 
can omit the discussion above on convergence of metric spaces and say that we expect that F*g e —> gRF 
(up to a constant factor) as e —> 0 in the sense of tensors. We see that 16.31 matches with 16. II (Note that 
E(agRF) = E(gnF) since the energy is scale invariant). 

6.2 Further Research 

An interesting project is to extend Theorem [l] to the case of curves for which the asymptotic lines don’t 
need to be different. Let us consider the example of C = {w = z 2 }. In this case we think that for any 
1/2 < P < 1 there should be a Ricci-flat metric with cone angle 2np along C asymptotic to the cone 
C 7 x C with 7 = 2p — 1. (A way to work out this relation between P and 7 is to cut two disjoint wedge 
shaped regions of angle 2f(1 — p) from the plane, identify the corresponding sides to get a space with 
two cone singularities of angle 2ttP and then let the singular points come together.) Moreover formula 
ICT allows us to compute 


£7=1 +(/3-1)- 7 = 1- 0 (6.4) 

We expect to find these metrics in the situation of C e —> 2 Cq , where Co is now a smooth curve. Let 
us illustrate our speculations with an example, coming from a classical discussion involving Riemann 
surfaces of genus 3. (See Chapter 12 in [B].) 

Let Q be a non-degenerate quadratic form in three variables, so Go = {Q = 0} C CP 2 is a smooth 
conic. Let F be a generic polynomial of degree 4 and let C e = {Q 2 + eF} = 0. Write Z = {F = 0}, so 
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that for a typical F the intersection ZflCo consists of 8 distinct points p \,... ,ps- For small and non-zero 
e the curve C e is smooth and one can think of it as an approximate double cover of Co branched over the 
points pi,... ,p$. Fix some (3 > 1/2, assume that there exist KE metrics w £ with cone angle 2tt/3 along 
C e and a KE metric loq with cone angle 2-7T7 along Co- In this situation we would expect that uj e —> ujo- 
We can compute the energy of the metrics using 16.21 

E(ue) = 3 + 03 - l)x(C e ) = 3 + 08 - 1)(—4) = 7-4/3 


E(u 0 ) = 3 + (7 - l)x(Co) = 3 + (2/3 - 2)2 = 4/3 - 1 
The total amount of energy lost is given by 

E(u e ) - E(u 0 ) = 8(1 - P) (6.5) 

We expect that re-scaling the metrics w e around the points pi we get a Ricci-flat metric on C 2 with 
cone angle 2i r/3 along a parabola, as described above. Then 16.51 can be explained by the formation of 
eight ’bubbles’ with energy given bv 16.41 
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